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MINIMUM FUEL ORBITAL TRANSFERS 

(Coaxial, Coplanar, E l l i p t i c  Oribts .  Unlimited Transfer Time.) 

SUMMARY 

The following study cons t i tu tes  one of t h e  rare examples for which the  
appl ica t ion  of Pontryagin's "Maximum Principle"  t o  an o r b i t a l  t r a n s f e r  problem 
permits attainment of t h e  optimal so lu t ion  i n  a closed form. 

The elements of t h e  Keplerian osculating o r b i t  have been chosen as state 
eo-ordinates because these  elements remain constant on t h e  b a l l i s t i c  a rcs .  The 
equations of motion during powered f l i g h t  then coincide with the  perturbation 
formulas concerning t h e  elements of t h e  Keplerian osculating o r b i t .  

When the  ca lcu la t ion  gives severa l  solut ions a t  t h e  same time, it i s  
necessary t o  make a d i r e c t  computation t o  determine t h e  best one and t o  
eliminate t h e  unwanted ones, because t h e  "Maximum Principle"  i s  only a necessary 
condition f o r  optimality i n  t h e  case of a non-linear system. 
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PRINCIPAL NOTATIONS 

= apogee 

= constants 

= t h r u s t  

- - 13 

= mass of the  moving body 

= adjo in t  vector 

= perigee 

= 

= c h a r a c t e r i s t i c  veloci ty  

= reduced c h a r a c t e r i s t i c  veloci ty  

veloci ty  of the  moving body 
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v = t r u e  anomaly 

x = "state" vector 

y = "control" vector 

TIT = angle between t h e  tangent and t h e  l o c a l  horizontal  

$ = angle of t h e  t h r u s t  with t h e  l o c a l  horizontal  

Cp = c h a r a c t e r i s t i c  veloci ty  measured from t h e  i n i t i a l  time 

- 
-.I 

1. INTRODUCTION 

The study w i l l  be l imited t o  t h e  following problem: One wishes t o  ac- 
complish a minimum f u e l  t r a n s f e r  (minimum of propellants without regard t o  t h e  
duration) i n  t h e  gravi ty  f i e l d  created by a s i n g l e  center  of a t t r a c t i o n  (Fig.  1). 
The t r a n s f e r  is  between 2 Keplerian o r b i t s  (0)  and (F)  which a r e  coplanar 
e l l i p s e s  i n  which the  axes '  d i rec t ions  a r e  not  assigned. 

Fig. 1. 

11. FORMlTLATION OF PONTRYAGIN 

One adopts Pontryagin's formulation such as it w a s  shown, f o r  example, i n  
Refs. 1, 2, and 3. 

11.1. STATE 

A t  each moment ( t )  t h e  state of t h e  moving body M w i l l  be characterized by 
t h e  state vector: 
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I x, = +  

where E = $$ - p / r  and h = r V  cosm 

are respectively,  the energy and the  angular momentum of t h e  Keplerian o r b i t ,  
which is  t h e  osculating e l l ipse*  at t h e  time (t), and 

is t h e  c h a r a c t e r i s t i c  veloci ty  "consumed from t h e  time of departure." 

E and h per fec t ly  def ine the  o r b i t a l  state yb of t h e  moving body M. 
are s u f f i c i e n t  to determine the  "osculating" o r b i t .  
this o r b i t  nor t h e  or ien ta t ion  of t h e  axis have to b e  taken i n t o  account.) 

They 
(Neither the  posi t ion on 

The speed of e j e c t i o n  W(m) w a s  supposed t o  be a known function of instantaneous 
mass of t h e  moving body. Since c$ is  representat ive of t h e  consumed mass, it can 
serve as a measure of t h e  expense of the maneuver up t o  t h e  time ( t) ,  independent 
of staging considerations (Ref. 4 ) .  

11.2. CONTROL 

The cont ro l  vector y is  made up of t h e  components: 

I n  e f fec t ,  t h e  choice of the d i r e c t i o n  of t h r u s t  i s  a r b i t r a r y .  
of t h e  point on the  osculat ing o r b i t  where t h e  t h r u s t  i s  applied i s  equally 
a r b i t r a r y  because t h e  duration of t h e  t r a n s f e r  does not enter  i n t o  t h e  calculat ion.  
One can w a i t  on t h e  osculating o r b i t  u n t i l  the  re turn  t o  optimal conditions 
f o r  the  t h r u s t  to be applied again. 

The choice 

On t h e  other  hand, it i s  supposed t h a t  t h e  magnitude of t h r u s t  i s  variable,  
b u t  l imited by t h e  following constraint :  0 2 y3 1. 

* That i s  t o  say, the  Keplerian o r b i t  which would be described by M i f ,  
from t h a t  i n s t a n t  one suppresses t h e  t h r u s t  5. 
it ought to be found i n  t h e  plane of (0)  and (F)  . It i s  easy to show that 
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11.3. EQUATIONS OF MOTION 

The equations concerning the  "geometry" of t h e  transfer are analogous t o  
t h e  formulas of perturbations of t h e  elements i n  a Xeplerian o r b i t .  

F 
= r - cos + 

m 
dh 

(3) 

(4) dE - - 
d t  

The equation concerning t h e  

v cos (9 -m) 
m 

f u e l  consumption is wri t ten:  

These equations remain ver i f ied  i f  one mult ipl ies  t h e  l i n e a r  dimensions by 
the s c a l e  f a c t o r  A, and t h e  t i m e  by t h e  f a c t o r  x3" . 
(including the  c h a r a c t e r i s t i c  veloci ty  4 ) are mult ipl ied by 
and h by A''', which preserves the  shape parameter e ( e c c e n t r i c i t y  of t h e  osculating 
o r b i t )  which only depends on the  product Eh'. 

Then t h e  v e l o c i t i e s  
x-"' , E by X-' , 

Expenditures of c h a r a c t e r i s t i c  velocity i n  t h e  inverse proportion of t h e  
square root  of t h e  s c a l e  f a c t o r  correspond t o  similar t r a n s f e r s .  The study of 
such t r a n s f e r s  can be reduced t o  the study of any one among them. 

The durat ion of the  t r a n s f e r  w a s  not assigned. L e t  us take 4 as a var iable  
i n  place of t. The equations ( 3 ) ,  (4 )  and (5 )  a r e  then wri t ten:  

(6) XI, = 2 f i  P COSY, = f ,  (?,T) 
I + e cos y2 

a d  (8) xt3 = I = f3(2,T) with ( 1 - -q  
where p (semi- l a t u s  rectum of t h e  osculating o r b i t )  and e depend on x1 and x, 
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The problem consis ts  then of choosing i n  which manner the  cont ro l  y should 

That is  t o  say, such t h a t :  
b e  applied t o  pass from t h e  given i n i t i a l  o r b i t a l  s t a t e ,  x: 
o r b i t a l  state, xf, 

, t o  t h e  f i na l  given 

, i n  t h e  most economical manner. 

i s  minimal (Fig.  2 ) .  

Fig. 2 ,  Trajectory i n  t h e  plane xl% 

+f i s  t h e  c h a r a c t e r i s t i c  veloci ty  of t h e  mission, Vcar. 

The problem i s  of the  "minimum time" type, Ref. 2, the  r o l e  of the time 
being played here by 4 . 
11.4. ADJOINT VECTOR 

L e t  us define m a d j o i n t  vector p' of which the  components pi must s a t i s f y  
the  equations : 

3 
(E) ~ ' ~ = - x p ~ d f , ( i = 1 , 2 , 3 )  

s=I ax; 

the  fs being t h e  r i g h t  hand s ides  of t h e  equations ( 6 ) ,  (7) and (8).  
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11.5. MAXIMUM PRINCIPLF: 

From t h e  above considerations t h e  maximum pr inc ip le  of Pontryagin i s  expressed 
as follows: 
s y s t e m :  
cont ro l  vector, T, has been chosen such that a t  each i n s t a n t  t h e  generalized 
Hamiltonian : 

The "optimal t ra jectory ' '  i s  obtained by in tegra t ing  t h e  d i f f e r e n t i a l  
(6) and (7) ,  and (8) and (Q), with unknowns 2 and 5, i n  which the 

(cos y, + e cos(y, + y2))]  + ~3 

P 

is an absolute  maximum with respect  t o  yl, y2, y3. 

The boundary conditions are: 

0 0  f where x1 , x2 , x: , 5 a r e  given. 

The supplementary equation: H( $, ) = 0 then determines (pf . 

111. OPTIMAL CONTROL 

111.1. 

H does not contain y3. It i s  maximal with respect  t o  yl and y2 f o r  y1 = 0 
or T ,  y2 = 0 or T .  That is: 

cos y, = E ,  = +I  , cos y2 = E2 = + I  

That s i g n i f i e s  t h a t  t h e  t h r u s t  i s  applied only a t  the  perigee (P)  or at t h e  
apogee (A)  of t h e  osculating o r b i t ,  i n  t h e  d i rec t ion  of t h e  veloci ty  or i n  t h e  
opposite d i rec t ion .  
condition on H with respec t  t o  E l  and E2. 

The ambiguity i n  s ign i s  removed by t h e  absolute maximum 

An immediate consequence of t h i s  r e s u l t  i s  that t h e  appl icat ion of the  t h r u s t  
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has t o  be  discontinuous and impulsive*. 
perigee, f o r  example, it i s  necessary t o  coast ,  i n  purely b a l l i s t i c  f l i g h t  on 
t h e  osculat ing o rb i t ,  t o  t h e  perigee (or apogee) i n  order t o  apply t h e  t h r u s t  
again. 
i n t e r v a l  d t ,  i n  order not t o  depart  from t h e  conditions of t h e  optimum. 

A f t e r  having applied t h e  t h r u s t  at t h e  

Moreover, t h i s  t h r u s t  can only be appl ied during an i n f i n i t e l y  sho r t  

It should be noted that w e  do not obtain any information about y3, t h a t  is  
on t h e  magnitude F of i?, 
does not en te r  t h e  equation. 

This i s  due t o  t h e  f a c t  t h a t  t h e  durat ion o f  t h e  t r a n s f e r  
Every value F 5 Fmax i s  s u i t a b l e  during d t .  

If  Fmax i s  not i n f i n i t e ,  t h e  t r a n s f e r  takes  place i n  an i n f i n i t e  t i m e  with 
an  i n f i n i t e  number of i n f i n i t e l y  small impulses, d I  = Fdt. This i s  a l s o  t r u e  i n  
taking F = Fmax (Fig.  3.2). The t r a c e  of the  motion then appears continuous i n  
t h e  plane x,, x2 (Fig.  2 ) .  If Fmax i s  i n f i n i t e ,  one can perform the  t r a n s f e r  i n  
a f i n i t e  t i m e  by f i n i t e  impulses, I = Fmaxdt (Fig. 3.1). 
i s  then described by jumps i n  the  xl, x2 plane. 

The t r a c e  of t h e  motion 

Fig. 3.--l. Fmax = CO. Fin i t e  durat ion 
2. Fmax l imited.  I n f i n i t y  of impulses, i n f i n i t e  durat ion.  

@ 1 2 

I n  prac t ice ,  Fmx i s  not i n f i n i t e  and it i s  necessary t o  perform t h e  transfer 
i n  a f i n i t e  t i m e .  This i s  accomplished by adopting a so lu t ion  neighboring the  
above-defined optimum, t h a t  is, t o  apply the  th rus t  during a f i n i t e  in te rva l ,  
Qt. 
t r a n s f e r )  w i l l  then be  rendered minimal i f  one chooses F = Fmx. 

With Qt fixed, t h e  nmber  of impulses (consequently t h e  durat ion of t h e  

Further on, when w e  speak of t r a n s f e r  by one, two or t h r e e  impulses, we 
w i l l  assume impl ic i ty  that Fmx i s  i n f i n i t e .  Thus, i f  it i s  not, it w i l l  be 
necessary t o  replace each impulse by an i n f i n i t y  of i n f i n i t e l y  small impulses 
applied a t  t h e  proper point.  

* We w i l l  see i n  zj VI.3 that t h e  s p i r a l  t r a j ec to ry  so lu t ion  with in f in i t e s ima l  
impulses applied over an i n f i n i t e  nurriber of revolut ions,  such that t h e  
osculat ing o r b i t  i s  always a c i r c l e  (yl f y2 E 0), i s  not l oca l ly  optimal. 
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111.2. CHOICE OF € 1  AND €2. 

Inser t ing  t h e  values yl = 0 o r  ?T, y2 = 0 or 7r i n  (13) the Hamiltonian becomes: 

with 2p + - P2 ( I  +e€,). 
0 2  = I + ' e q  p 

We must choose E l  and E2 i n  such a way t h a t  H i s  a n  absolute maximum a t  each 
i n s t a n t .  €1 can b e  chosen equal t o  f 1, I 0, I must be rendered a mximum 
with respect  t o  E , .  

As 

Let us introduce t h e  reduced var iables:  

X I  P = = I  + eE2 

x2 
(> o f o r  an e l l i p s e )  

2 5  y = 2r 
P2 

(accounts f o r  t h e  or ien ta t ion  of the  
vector 5)  

I n  these equations, r = p/( 1 3- e E ) = rp ( o r  r A  ) = radius of t h e  perigee 
- or of the apogee of t h e  osculating o r b i t .  
during a phase where E ,  keeps a constant sign: for example, after an impulse 
a t  t h e  perigee P, t h e  same point P would be passed after a revolution.)  

(The aps is  radius,  r ,  s tays  constant 

i s  a switching function. The thrus t ing  point depends on i t s  sign. 

Once E z  i s  chosen, = depending on whether: 

(19) 02= ? ( Y + I )  >< 0. 
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0, i s  a second switching function. On i ts  s ign depends the d i rec t ion  i n  
which t h r u s t  is  applied.  

To study t h e  s ign  of and 0, it i s  necessary t o  i n t e g r a t e  the  equations 
of motion i n  which 7 has been replaced by Fop%. 

IV.  IIVl3GGRATION OF THE EQUATIONS--OPTIMAL A R C  

t h e  equations ( 6 ) ,  (7), 

(20 )  

For a determined phase ( i n t e r v a l  during which 
(8), and (12) a r e  wri t ten:  

E2 keeps a constant s ign)  

- = 0 I 
where r is a constant.  

These equations can be integrated to give the form of t h e  optimal a r c  i n  
the  s p c e  (x,p) . 
IV .1 .  

I n  p r t i c u l a r ,  t h e  projection i n  the  plane xl, x2 (or XI, & )  i s ,  f o r  the  
i n i t i a l  phase : 

Equation (22) shows that t h e  t r a j e c t o r y  i n  t h e  plane xl, x, (or XI, X2). i s  a 
s t r a i g h t  l ine ,  each of t h e  e l l i p s e s  having t h e  same radius  of perigee (or apogee) 
as (0). 

9 



Figures 4 and 5 show i n  d e t a i l  the propert ies  of t h e  planes xl and 5 ,  and 
Having been given an e l l i p s e  (0), a l l  the  e l l i p s e s  having t h e  same X, , G .  

radius  of perigee as (0) a r e  s i t u a t e d  on t h e  segment C ~ P O  tangent a t  C: t o  t h e  
hyperbola 

Likewise, a l l  the  e l l i p s e s  having the same radius  of apogee as (0) are s i tua ted  
on the  segment S i  C: , tangent t o  t h e  same hyperbola a t  C: ( 5 ) .  

The optimal i n i t i a l  f l i g h t  follows one of these segments. 

Fig,  4. Propert les  of the plane E, h2. 

Hyperbolas o > I 

- 
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Fig. 5. Propert ies  of t h e  plane XI, & . 

IV.2. 

Likewise the  project ion of t h e  optimal a r c  i n  the  plane XI, Y is:  

This equation is important, because it permits t h e  study of the  commutations. 
(Y en te rs  i n  t h e  switching functions, 01 , and @ a  ).  
depends only on one prameter ,  77 , which i s  a function of t h e  i n i t i a l  conditions. 

The optimal a r c  i n  XI,  Y 

The f a c t  that t h e  two i n i t i a l  values, < and $ (unknown a p r i o r i ) ,  are 
reduced t o  one s ingle  unknown parameter, Yo (o r  ), can be accounted f o r  by 
the  homogeneous character  of Equations (12) r e l a t i v e  t o  p1 and &. 
the  coef f ic ien ts  of m i n  these  equations are zero because fl and fi do not 
contain Q, . Moreover, s ince  f3 a l s o  does not contain $, the  system i s  con- 
servat ive.  Applying t h i s  
re la t ionship  f o r  Q, = 0, one obtains: H(xi, xg, pl", $ )  = 0 which shows w e l l  
that $ and are not  independent. 

I n  e f fec t ,  

Then, H = constant, and s ince H ( $f ) = 0, H f 0. 

The, form of t h e  optimal a r c  Y = Y ( X l )  i s  indicated i n  Fig. 6. 
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Fig. 6. The optimal a r c  and t h e  points  of commutation. 

1 
Y = + z / x  
Y = f -  2 - XI 

XI  
1 

Y = + -  
XI 

OPTIMAL ARC 

v. STUDY OF THE C O ~ A T I O N S  (SWITCHES) 

From Equations (18) and (22) one deduces that t h e  f r o n t i e r  curves (@I1 = 0) 
a r e  expressed by: 

2 - x I  
( 2 5 )  Y = E  - € = + I  

XI 

These curves a r e  shown i n  Figs. 6, 7, and 8. 

It i s  easy to demonstrate t h a t  t h e  hatched zones of Fig. 8 a r e  prohibited, 
and t o  eliminate t h e  hyperbolic zone (XI > 2 )  f o r  an economic t r a n s f e r  between 
two e l l i p s e s .  



When, i n  the  course of following an optimal a rc ,  a point  M, N or R (Fig. 6) 
is reached, t he re  is  a commutation. That is ,  E 2  changes s ign.  The prameter 

. r then changes character  (rp---rA) and it i s  necessary t o  set out from another 
point  M, N or R s i tua t ed  on t h e  curves of commutation. I n  doing t h i s  t h e  con- 
t i n u i t y  of the  state var iab les  x, and %, and of t he  ad jo in t  var iables  p1 and & 
must be taken i n t o  consideration. It can be deduced t h a t  only the  commutations 
M-N and R-R are allowed, thereby el iminat ing t h e  commutations M-/-R and 
N-/-R . 

Fig. 7. Commutation curves 

Fig. 8. Permitted zones 



Crossing t h e  point Q ( c i r c u l a r i z a t i o n )  i s  not optimal. It is possible  to 
show by d i r e c t  ca lcu la t ion  t h a t  the path qMlK2 is  more economical than the  

~ path K,CIz,  (Fig. 10). 

When t h e  optimal a r c  passes through L, there  is  a double commutation, 
beginning again from the  same point L, but i n  t h e  opposite d i rec t ion .  

The l o c i  of t h e  points  M, N, R as functions o f q  are given i n  Fig. 9. 

Fig. 9. Loci of the  commutation points.  



Fig. 10. Hohmann transfer (Case a). 

Y 

tt 

0 
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VI. TRAPJSFERS BETWEEN CIRCULAR ORBITS 

VI.1. APPLICATION OF THE MAXIMUM PRINCIPLE--MTRESIAL SOLUTIONS. 

Leaving a c i r c l e  (0) and following an optimal a rc ,  one necessar i ly  ends a t  
a c i r c l e  (F) after a commutation (Hohmann t r a n s f e r  (a)  Fig. lo), 2 commutations 
( case ( b )  Fig. ll), or a double commutation (case ( e )  Fig. E). 

The so lu t ion  ( e )  i s  always extremal. 

Fig. 11. Transfer by 3 impulses (case b)  
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Fig. 12. Passage through inf in i ty(b i -parabol ic ) (  case e ) .  

The so lu t ion  (a) is  only loca l ly  extrema1 i f  it is  possible  t o  jo in  N t o  
F withogt a new commutation of the type R (Fig.  11). That is ,  i f :  



Since $ = 2/(1 + p )  (Fig.  5) with p = rf /To, th i s  condition i s  wr i t t en  

I < p < 15.6 

One could a l s o  show t h a t  t h e  so lu t ion  ( b )  i s  only extrema1 for 9 < p < 15.6 
and an exac t ly  determined value of r. 

These r e s u l t s  are summarized i n  Fig. 13, 

Fig.  13. Extrema1 so lu t ions  (Pontryagin) . 
a = Hohmann (2  impulses) 
b = 3 impulses - l o c a l  max. 
c = 3 impulses of which one is  a t  i n f i n i t y  

1 

Note t h a t  for ce r t a in  values of p, several so lu t ions  coexis t .  To determine 
t h e  optimum and el iminate  t h e  other  solut ions,  it i s  necessary t o  compare these  
so lu t ions .  A d i r e c t  ca l cu la t ion  i s  the only means of se l ec t ing  t h e  optimum. 

V I  .2. DImCT CALCULATIOPJ 

Put t ing  p2 = r/r4 (where r i s  defined i n  Fig. ll), the  c h a r a c t e r i s t i c  
v e l o c i t i e s  required for t h e  d i f f e r e n t  solut ions,  normalized by t h e  c i r c u l a r  
o rb i t a l  ve loc i ty  on t h e  f i n a l  o rb i t ,  are: 
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( e )  corresponds t o  case p2 -cO therefore :  

(a)  corresponds t o  t h e  case  pz- 1 therefore:  

(Hohmann t r ans fe r )  

The var ia t ions  of required cha rac t e r i s t i c  ve loc i ty  as a funct ion of p2 f o r  
d i f f e r e n t  values of p a r e  shown i n  Fig. 15. 

It i s  immediately evident t h a t  t h e  so lu t ion  (b)  for 7 < p < 15.6 and t h e  
so lu t ion  ( e )  f o r  1 < p < 7 are p a r a s i t i c  solut ions because they correspond t o  
l o c a l  maxima. 
because t h i s  p r inc ip l e  i s  only a necessary condition of opt imal i ty  f o r  non- 
l i n e a r  systems.* 

One f inds  them nevertheless,  i n  applying the m a x i m u m  pr inc ip le ,  

Comparisons of t h e  so lu t ions  (a)  and ( e )  show t h a t :  (a)  i s  more economical 
than ( e )  f o r  1 < p < 11.94; (a )  is l e s s  economical than ( e )  f o r  p > 11.94. 

Fig. 14. "Optimorum" optimum ( d i r e c t  ca l cu la t ion ) .  



Fig. 15. Transfers of type b. 

For P > 15.6 the  solut ion ( a )  i s  not a l o c a l  optimum (confirming the  r e s u l t s  
deduced from the appl icat ion of the  Maximum Principle ,  Fig. 13). 

One can f i n d  a t h r e e  impulse transfer ( b ) ,  i n f i n i t e l y  c lose t o  the  Homann 
t r a n s f e r  (a) ,  which i s  more economical than t h e  la t ter  (Fig.  16). 

Fig. 16. a) Transfer a, (Hohmann) 
b) Transfer b N a, more economical than a f o r  p = EL > 15.6 

P+ T O  

Pf 
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For 11.94 < p < 15.6, every transfer by 3 impulses (b)  corresponding to 
p2 > p2 

However, it corresponds t o  an acceptable physical  
maneuver, when the  so lu t ion  ( e )  has no physical s ignif icance because it requires 
i n f i n i t e  duration. 

3t 
(Fig.  15) i s  more economical than t h e  Hohmann t r a n s f e r  (a) , although not 

, cons t i tu t ing  a l o c a l  maximum. 

The r e s u l t s  of t h i s  discussion are i n  Fig. 14. 

vI.3. SPIrnL 

The path ÔF (Fig.  18) on t h e  hyperbola whose equation is :  

i n  t h e  plane xl, x,, corresponds t o  so lu t ion  ( d ) ,  a s p i r a l  with an i n f i n i t e  
number of revolut ions.  This solut ion is  not optimal. It i s  s u f f i c i e n t  t o  con- 
s ider  it as the  l i m i t  of t h e  polygonal path OC, C, . . . . .Cn = F (Fig.  17) when 
n -a (cha t te r ing  solut ion) ,  which i s  not optimal because of the  c i rcu lar iza t ions  
a t  C, C,.....C,-,. One can demonstrate t h a t  t h e  corresponding charac te r i s t ic  
veloci ty  required is :  

Fig. 17. Polygonal contour OC,C, . . . . .F l e s s  economical than OKF. 
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A 

Fig. 18. S p i r a l  ( n  = CO revolut ions)  OF less economical than OKF. 

x2 

VI. 4. CONCWSION 

We have t raced,  Fig. 19, t h e  var ia t ions  of cha rac t e r i s t i c  ve loc i ty  (or Vcar) 
as a funct ion of p = rf /To > 1 i n  terms of t h e  veloci ty  onthe  c i r c u l a r  o rb i t  of 
departure Vcirc (r,) = a, f o r  t h e  so lu t ions :  
( d )  s p i r a l .  

(a)  Hohmann), ( e )  bi-parabol ic ,  

Although ( e )  i s  theo re t i ca l ly  preferable  t o  (a )  f o r  p < 11.94 the  d i f fe rence  
remains smll. The Hohmann t r a n s f e r  i s  now, i n  general ,  t h e  so lu t ion  t o  adopt. 
Values of p grea te r  than 11.94 a r e  not of ten observed i n  prac t ice .  
c i r cumte r re s t r i a l  o r b i t s  w e  r e c a l l  t ha t ,  i n  order t o  t r ans fe r  a s a t e l l i t e  on a 
low o r b i t  i n t o  a synchronous okbit ,  p N (42000 km/6700 km) 6.3 < 11.94. Like- 
wise, f o r  in te rp lane tary  t r a n s f e r s  toward t h e  superior  p lane ts  of t h e  solar 
system, only Uranus, Neptune and Pluto a r e  such t h a t  p > 11.94. 
planets ,  one cannot consider t h e  solut ion ( c )  ( i n f i n i t e  durat ion) .  The so lu t ion  
of t h e  type ( b )  (with p2 > p2*), although s l i g h t l y  b e t t e r  than t h e  Hohmann 
t r a n s f e r  (a )  (but  less economical than so lu t ion  ( c )  ) presents  the  disadvantages 
of complexity (3  impulses i n  place of 2)  and of increased duration, f o r  a 
r a t h e r  small savings compared t o  t h e  Hohmann solut ion.  

For 

For t h e  l a t t e r  
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Fig. 19. Comprison of t h e  modes of t r a n s f e r  between 2 c i r c l e s  
( l imi ted  durat ion) .  
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The s p i r a l  so lu t ion  (d) i s  always l e s s  economical than the  Hol~mann. The 
r a t i o  of ( d ) /  of (a) increases from 1 t o  1/( f i  - 1) = 2.41 when p increases 
from 1 t o  i n f i n i t y .  Even f o r  l o w  t h r u s t  systems it i s  be t te r  -to adopt t h e  
so lu t ion  consis t ing of short ,  successive periods of th rus t ,  a t  perigee and 
apogee of t h e  osculating o r b i t  (Fig.  3 . 2 ) ,  r a t h e r  than a solut ion of t h e  s p i r a l  
type, if  the t r a n s f e r  dura t ion ' i s  neglected. 

The case where p = rf/ro < 1 ( t r a n s f e r  toward the  i n f e r i o r  planets,  f o r  
example) i s  deduced simply from t h e  case p > 1. If t h e  c h a r a c t e r i s t i c  speed 
i s  always r e l a t e d  t o  c i r c u l a r  speed on the  departure o r b i t  (Vc i rc ( ro ) ) ,  it 
is  s u f f i c i e n t  t o  i n t e r p r e t  l / p  > 1 as t h e  abscissa  i n  Fig. 19, and t o  multiply 
t h e  r e s u l t  read from t h e  ordinate  by 1/ 6 > 1 (this is i n  accordance with 
t h e  remarks of 6 11.3 concerning s i m i l a r  t r a n s f e r s ) .  

One obtains then t h e  curves ( p  < 1) of Fig. 12, which show par t icu lar ly  
t h a t  t r a n s f e r s  toward t h e  i n f e r i o r  planets  are more d i f f i c u l t  t o  r e a l i z e  than 
t h e  t ransfers  toward t h e  superior planets.  For example, the  Hohmann t r a n s f e r  
toward Mercury ( p  = 0.39), f o r  which t h e  reduced c h a r a c t e r i s t i c  speed is equal 
t o  0.57, is already more d i f f i c u l t  t o  r e a l i z e  than any Hohnann t r a n s f e r  
toward a superior  planet.  
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VII. TRANSFER BETWEEN EUIPTIC OFBITS 

Consider now a t r a n s f e r  between two e l l i p s e s  (0) and (F) (Fig.  20). The 
only t ransfers  permitted are, i n  view of t h e  previous analysis ,  OKF (Fig. 21) 
and OKxK,F (Fig.  22) which are part of t h e  optimal paths between c i r c l e s :  
CFKCf; and CgK,K,CF . 

Fig. 20. 

Fig. 21. 
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Fig. 22. 

P 
I f  1 < rE/r; < 9, the  path CiKFCp is  sure ly  more economical than t h e  path 

P f  
C",lK2Cfp. 
Omitting from these  paths t h e  common pa r t s  C i O  and FCp, one deduces that OKF 
i s  more economical than OKl&F, whatever rl and ri a r e .  If (r: / r ; )> l l .94 ,  
analogous reasoning shows t h a t  OKlK2F is  more economical than O D ,  whatever 
ri 
than OKIK,F only f o r  pa = (rL/r: ) < P2 %+ (Fig.  1 5 ) .  
t o  11.94 P2 ** decreases from P2 +w = CO t o  PZ 

It i s  s u f f i c i e n t ,  i n  Fig. 15, t o  take p = $/r: and pz = rA/rp.  

and rfA are. On t h e  contrary,  if 9 < (rfp/rF) < 11.94, OKF i s  more economical 
When P increases from 9 

= 1. 

I n  conclusion, studying t h e  optima reveals  that only the  2 perigee r a d i i ,  
ri and rfp, en te r  i n t o  consideration when t h e i r  r a t i o ,  p > 1, is between 1 and 
9, or when p is  g rea t e r  than 11.94. 
rad ius  of apogee must be  accounted for ,  as explained i n  t h e  t e x t .  It is  sur-  
f i c i e n t  then t o  put p2 = (g rea t e r  radius  of apogee/greater rad ius  of perigee) 
and t o  consider i t s  pos i t ion  with respect  t o  p 2 w .  

When p is  between 9 and U.94 t h e  g rea t e s t  

nI1. GENERAL CONCUJSION 

Application of t h e  Pontryagin Maximum Pr inc ip le  permits t he  se l ec t ion  of 
extrema1 so lu t ions  and, i n  par t icu lar ,  determination of t h e  nube@ and points 
of appl ica t ion  of t h e  impulses. 

A d i r e c t  ca lcu la t ion  i s  necessary i n  order t o  e l iminate  t h e  p a r a s i t i c  
solut ions and t o  f ind  t h e  "optimal optimum." 

I n  t h e  case of t r a n s f e r s  between c i r c l e s ,  t he  Hohmann (b i - tangent ia l ,  
ha l f - e l l i p se )  
It i s  b e n e f i c i a l  therefore ,  f o r  most c i r cumte r re s t r i a l  and in te rp lane tary  

i s  most economical when t h e  r a t i o  of t h e  r a d i i  i s  less than 11.94. 

* Most of t h e  s tud ies  of multi-impulse t r ans fe r s  suppose, a p r i o r i ,  a 
f ixed number of impulses at one's d i sposa l  C61. 
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t r a n s f e r s .  
cons is t s  of es tab l i sh ing  a parabolic branch by t h e  first impulse, returning on 

i n f i n i t y ,  and f i n a l l y ,  es tab l i sh ing  t h e  f i n a l  c i r c u l a r  o r b i t  by a t h i r d  impulse 
a t  t h e  perigee. 
Hohmann (severa l  $I), but  t h e  duration i s  i n f i n i t e .  

When t h e  r a t i o  of t h e  r a d i i  i s  grea te r  than 11.94, the  solut ion 

I another parabolic branch after a second, i n f i n i t e l y  small impulse applied a t  

This t r a n s f e r  i s  t h e o r e t i c a l l y  more economical than t h e  

I n  pract ice ,  it i s  possible t o  adopt a solut ion,  not  l o c a l l y  optimal, f o r  
which the  second impulse i s  applied a t  a f i n i t e  dis tance and not a t  i n f i n i t y .  
But t h e  economy rea l ized  i n  proportion t o  t h e  Hohmann so lu t ion  i s  very small. 

I n  t h e  solar system, the t r a n s f e r  from t h e  t e r r e s t r i a l  o r b i t  toward t h e  
superior  planets which necess i ta tes  t h e  g r e a t e s t  expense i s  t h e o r e t i c a l l y  
t h a t  which corresponds t o  a radius r a t i o  of 11.94, that is ,  t o  an o r b i t  s i tua ted  
between those of Saturn and Uranus. 
the  expense always increases proportionately as t h e  f i n a l  o r b i t  approaches t h e  
sun. The t r a n s f e r  toward an i n f e r i o r  planet i s  more d i f f i c u l t  than t h e  t r a n s f e r  
toward a superior  planet f o r  t h e  same radius r a t i o .  

On t h e  contrary, toward t h e  i n f e r i o r  planets  

The case of t r a n s f e r  between two e l l i p s e s  of t h e  same major ax is  is e a s i l y  
deduced from t h e  study of t h e  t r a n s f e r s  between c i r c u l a r  o r b i t s .  Here again, it 
i s  necessary t o  choose between t h e  Hohmann solut ion and t h e  bi-parabolic solut ion.  
The l a t t e r  can, i n  c e r t a i n  cases, represent a very important saving, i n  contrast  
t o  t h e  small saving a t t a i n a b l e  i n  t h e  c i r c u l a r  case. 

It i s  important t o  r e c a l l  t h a t  a l l  the preceding r e s u l t s  suppose that $he 
durat ion of t h e  t r a n s f e r  does notcome i n t o p l a y ,  and t h a t  these r e s u l t s  w i l l  b e  
profoundly modified when t h i s  i s  not t h e  case. 
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